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Abstract
The conformal invariance of the Hawking temperature, conjectured for
the asymptotically flat and stationary black holes by Jacobson and Kang, is
semiclassically evaluated for a simple particular case of symmetrical spher-
ically and non asymptotically flat black hole. By using the Bogoliubov
coefficients, the metric euclideanization, the reflection coefficient and the
gravitational anomaly, as methods of calculating the Hawking temperature,
we find that it is invariant under a specific conformal transformation of the
metric. We discuss briefly the results for each method.
PACS Numbers: 04.60.-m, 04.62.+v, 04.70.Dy.
1 Introduction
In the Ted Jacobson and Gungwon Kang paper [1], it is proved the
conformal invariance of the Hawking temperature in five possibilities of ge-
ometrics definitions, related to the surface gravity of black holes. Despite
1E-mail address: gtadaiesky@hotmail.com
2E-mail address: esialg@gmail.com
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to the fact that this statement has restrictions, as its non validity in the
case of conformal continuations in the black hole event horizon [2], it seems
to be quite comprehensive and efficient in the temperature evaluation in
conformal frames. In fact, it is shown that it is valid for stationary and
asymptotically flat black holes and that the conformal factor is smooth and
finite at the event horizon.
The context of the above theorem is purely geometric, so, we want to
show its validity, for a particular case of black hole, of this theorem, in a
approach close to a semiclassical thermodynamics phenomenon proposed by
Hawking. The Hawking temperature is originated from quantum processes
near the event horizon of black holes [3], so, this phenomenon is not purely
geometric. Through a semiclassical analysis, i.e, quantizing matter fields and
letting the gravitational field as classical background field, it can be obtained
the temperature of black holes, by various methods well established in the
literature.
In this paper, we propose to make a simple test of the use of conformal
invariance of the Hawking temperature, first, calculating the black holes
temperature of the Einstein-Maxwell-Dilaton (EMD) theory in the Einstein
frame and later in the conformal frame (string frame), and then comparing
the results. In a case, a non asymptotically flat black hole, where we can
get an exact solution of Klein-Gordon equation, we calculate semiclassically
the Hawking temperature, by the methods of surface gravity, the Bogolui-
bov coefficients, the metric euclideanization, the reflection coefficient of the
quantum scalar field and by the gravitational anomaly. This will give us a
greater certainty of the conformal invariance of the Hawking temperature,
since it is a thermodynamic quantity derived from a semiclassical analysis,
and the Jacobson demonstration is made with geometrical quantities.
This article is organized as follows. In the second section, we present the
EMD theory, the equations of motion and two special classes of solutions,
asymptotically flat (AF) and non asymptotically flat (NAF), discussed later.
In the third section, we summarize the method for obtaining the Hawking
temperature through surface gravity and the calculus for two classes of spe-
cial solutions. In the fourth section, we define a conformal transformation
of the metric. We also present some models of strings theory obtained by
fixing the parameter λ of the EMD action, and the parameter ω of the con-
formal factor. We obtain the solutions of two conformal special classes and
their temperatures, through the surface gravity method. In the fifth section
we calculate, for the particular case of the NAF black hole, with γ = 0,
the Hawking temperature by the semiclassical methods of the Bogoliubov
coefficients, subsection 1, of the metric euclideanization, subsection 2, of
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the reflection coefficient, subsection 3, and of the gravitational anomaly,
subsection 4. In section 6, we present the conclusion and remarks.
2 The field equations and the black holes solutions
For understanding very well the origin, the parameters and structure
of the solutions discussed here, we will construct the technique of obtaining
two classes of solutions previously found [6].
The action of EMD theory is given by:
S =
∫
dx4
√−g
[
R− 2 η1gµν∇µϕ∇νϕ+ η2 e2λϕFµνFµν
]
, (2.1)
where the first term is the usual Einstein-Hilbert gravitational term, while
the second and the third are respectively a kinetic term of the scalar field
(dilaton or phantom) and a coupling term between the scalar and the Max-
well fields, with a coupling constant λ that we assume to be real. The
coupling constant η1 can take either the value η1 = 1 (dilaton) or η1 = −1
(anti-dilaton). The Maxwell-gravity coupling constant η2 can take either
the value η2 = 1 (Maxwell) or η2 = −1 (anti-Maxwell). This action leads to
the following field equations:
∇µ
[
e2λϕFµα
]
= 0 , (2.2)
✷ϕ = −1
2
η1η2λe
2λϕF 2 , (2.3)
Rµν = 2η1∇µϕ∇νϕ+ 2η2 e2λϕ
(
1
4
gµνF
2 − F σµ Fνσ
)
.(2.4)
From now, we will make use of the same procedure as in [6]. Let us write
the static and spherically symmetric line element as
dS2 = e2γ(u)dt2 − e2α(u)du2 − e2β(u)dΩ2 . (2.5)
The metric function α can be changed according to the redefinition of the
radial coordinate u. Then, we consider the harmonic coordinate condition
α = 2β + γ . (2.6)
We will also assume that the Maxwell field is purely electric (the purely
magnetic case may be obtained by electromagnetic duality transformation
ϕ→ −ϕ, F → e−2λϕ ∗ F ). Integrating (2.2), we obtain
F 10(u) = qe−2(λϕ+2β+γ) (F 2 = −2q2e−4β−4λϕ) , (2.7)
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with q a real integration constant. Substituting (2.7) into the equations of
motion, we obtain the equations of second order
ϕ′′ = −η1η2λq2e2ω , (2.8)
γ′′ = η2q
2e2ω , (2.9)
β′′ = e2J − η2q2e2ω , (2.10)
with
ω = γ − λϕ , J = γ + β , (2.11)
and the constraint equation
β
′2 + 2β′γ′ − η1ϕ′2 = e2J − η2q2e2ω . (2.12)
By taking linear combinations of the equations (2.8)-(2.10), this system
can be integrated and one gets
ϕ(u) = −η1λγ(u) + ϕ1u+ ϕ0 , (2.13)
ω′2 −Qe2ω = a2 , (2.14)
J ′2 − e2J = b2 , (2.15)
where
λ± = (1± η1λ2) , Q = η2λ+q2 , (2.16)
and the integration constants ϕ0, ϕ1 ∈ R, a, b ∈ C.
The general solution of (2.14) is:
ω(u) =

− ln
∣∣∣√|Q|a−1 cosh[a(u− u0)]∣∣∣ (a ∈ R+ , Q ∈ R−) ,
a(u− u0) (a ∈ R+ , Q = 0) ,
− ln
∣∣√Qa−1 sinh[a(u− u0)]∣∣ (a ∈ R+ , Q ∈ R+) ,
− ln
∣∣√Q(u− u0)∣∣ (a = 0, Q ∈ R+) ,
− ln
∣∣√Qa¯−1 sin[a¯(u− u0)]∣∣ (a = ia¯, a¯, Q ∈ R+)
(2.17)
(with u0 a real constant). The general solution of (2.15) reads:
J(u) =

− ln
∣∣b−1 sinh[b(u− u1)]∣∣ (b ∈ R+) ,
− ln |u− u1| (b = 0) ,
− ln ∣∣b¯−1 sin[b¯(u− u1)]∣∣ (b = ib¯; b¯ ∈ R+) (2.18)
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(u1 real constant). In this way, we have for λ+ 6= 0, the static and spherically
general solution of the theory given by the action (2.1):
dS2 = e2γdt2 − e2αdu2 − e2βdΩ2 ,
α(u) = 2J(u)− γ(u) ,
β(u) = J(u)− γ(u) ,
γ(u) = λ−1+ (ω(u) + λϕ1u+ λϕ0) ,
ϕ(u) = λ−1+ (−η1λω(u) + ϕ1u+ ϕ0) ,
F = −q e2ω(u)du ∧ dt ,
(2.19)
where, by fixing the spacial infinity at u1 = 0, we have six integrations
constants (q, a, b, u0, ϕ0, ϕ1), which obey the following constraint equation
(2.12):
λ+b
2 = a2 + η1ϕ
2
1 . (2.20)
Now, we will choose two particular solutions of the class of that obtained
in [6]. According to [6], if we fix the solutions of ω(u) and J(u) to be sinh
functions, with the nondegenerate horizon (m = n = 1) and u0 > 0, and
making the change of radial coordinate
u =
1
(r+ − r−) ln
(
f+
f−
)
, f± = 1− r±
r
, (2.21)
with
r± = ± 2a
1− e∓2au0 (r+ − r− = 2a) , (2.22)
we obtain the solution
dS2AP = f+f
γ
−dt
2 − f−1+ f−γ− dr2 − r2f1−γ− dΩ2 , (2.23)
F = − q
r2
dr ∧ dt , e−2λϕ = f1−γ− , (2.24)
where ϕ0 = 0, 0 < r− < r+ and γ = λ−/λ+.
This is an exact solution of a spherically symmetric, asymptotically flat
(AF), static and electrically charged black hole, with internal (singular3)
horizon r− and event horizon r+. The parameters r+ and r− are related to
the physical mass and electric charge for:
MAF =
r+ + γr−
2
, (2.25)
qAF =
√
1 + γ
2
√
η2r+r− . (2.26)
3In the phantom case the causal structure is discussed in detail in [6].
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Another solution is obtained when we fix ω(u) and J(u) as sinh functions,
with the nondegenerate horizon (m = n = 1) and u0 = ϕ0 = 0, and making
the change of radial coordinate e2bu = f+, we obtain the following solution
dS2NAF =
rγ(r − r+)
r1+γ0
dt2 − r
1+γ
0
rγ(r − r+)dr
2 − r1+γ0 r1−γdΩ2 , (2.27)
F = −
√
1 + γ
2
1
r0
dr ∧ dt , e2λϕ =
(
r
r0
)1−γ
. (2.28)
This is an exact solution of a spherically symmetric, non asymptotically
flat (NAF), static and electrically charged black hole, with event horizon r+
(r+ ≥ 0). The parameters r+ and r0 are related to the physical mass4 and
the electric charge by:
MNAF =
(1− γ)
4
r+ , (2.29)
qNAF = r0
√
(1 + γ)
2
. (2.30)
Here, the parameter r0 is related to the electric charge.
3 Hawking temperature by surface gravity
In this section, we will focus our attention on the geometrical analysis,
putting out the gravitational semi-classical effects of the black holes solutions
cited in the preciously section, i.e, quantizing others fields called matter
fields, and letting the gravitational field as a background. Then, we will
make use of the semiclassical thermodynamics of black holes, initiated by
Hawking [3] and developed by other authors [4].
There are several ways of obtaining the Hawking temperature, for exam-
ple, by the Bogoliubov coefficients [7, 8], the metric euclideanization [9], the
energy-momentum tensor [4], the reflection coefficient [22, 23], the analysis
of the gravitational anomaly term [10] and the surface gravity of black holes
[1]. Until now, these methods have been shown to be equivalent, so we chose
to use in this section the calculation method of the Hawking temperature
via the surface gravity for verifying the statement made in [1].
The surface gravity of a black hole is given by [5]:
κ =
[
g′00
2
√−g00g11
]
r = rH
, (3.31)
4We use the quasilocal mass defined in [18, 19], because it is a non asymptotically flat
spacetime.
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where rH is the event horizon radius, and the Hawking temperature is
related with the surface gravity through the relationship [1, 3]
T =
κ
2π
. (3.32)
Then, for the AF black hole case (2.23), we get the surface gravity (3.31)
as
κAF =
(r+ − r−)γ
2r1+γ+
, (3.33)
and the Hawking temperature (3.32) in this case is :
TAF =
(r+ − r−)γ
4πr1+γ+
. (3.34)
Using the metric of NAF black hole (2.27) in (3.31), we obtain:
κNAF =
rγ+
2r1+γ0
, (3.35)
substituting (3.35) in (3.32), we get the Hawking temperature for the NAF
black hole (2.27):
TNAF =
κNAF
2π
=
rγ+
4πr1+γ0
. (3.36)
Defining the black holes entropy as S = 14A = πr
1+γ
0 r
1−γ , where A(r =
r+) =
∫ ∫ √
g22g33dθdφ is the surface of event horizon of the black hole,
and through (2.28) we obtain the scalar electric potential as A0(r+) =
−
√
(1 + γ)/2 (r+/r0). The first law of the thermodynamics of charged black
holes, for the NAF case (2.27), is given [16]
dMNAF = TNAF dS +A0(r+)dqNAF , (3.37)
where we have to fix a value for the electric charge qNAF (dqNAF = 0), or
fixing a gauge for the electrical potetial [24], to satisfy the first law.
4 Hawking temperature for the String models at low ener-
gies
In this section, we will evaluate the Hawking temperature for some
strings models at low energies coupled only with the electromagnetic field.
The semiclassical analysis for these strings models is possible because it is
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done on an energy scale that is valid for both the semiclassical analysis and
the string theory in four dimensions. We will pass from the EMD theory
to the String Theory (ST) at low energies by a conformal transformation,
where in the literature the terms Einstein frame is used for EMD theory,
while Strings frame is used for the ST models. Also, it will be clear later
why we will calculate the Hawking temperature for the ST models; the
parameter λ that we introduced in the action (2.1) can vary on any real
value, so getting, for a fix chosen value of λ, the possible ST models.
We are now interested in obtaining the strings models to black holes for
both the AF (2.23) and the NAF (2.27). To do this we will firstly analyse
the action (2.1), through a generalized conformal transformation.
A conformal transformation leads a manifold “M”, with metric “gµν” ,
to another manifold “M̂”, with metric “ĝµν”, preserving angles and ratios
between geometric objects. The relationship between the metrics is given
by the function Ω(xα) which is differentiable and strictly positive:
ĝµν = Ω
2gµν , (4.38)
then, in 4 dimensions, we get
gµν = Ω2ĝµν ,
√−g = Ω−4
√
−ĝ , (4.39)
R = Ω2R̂+ 6Ω ĝµν∇̂µ∇̂νΩ . (4.40)
In order to obtain the strings models, we choose a general conformal
factor
Ω = e−ωϕ , (4.41)
where ω is a new real parameter whose the introduction will enable us to
obtain the Strings models. So, replacing (4.41) in (4.39) and (4.40), we
obtain:
gµν = e−2ωϕĝµν ,
√−g = e4ωϕ
√
−ĝ (4.42)
R = e−4ωϕ
[
R̂+ 6ω2ĝµν∇̂µϕ∇̂νϕ
]
. (4.43)
Making a conformal transformation on the metric, through the expres-
sions (4.42) and (4.43), the action (2.1) becomes
S =
∫
d4x
√
−ĝ e2ωϕ
{
R̂+ 2 (3ω2 − η1) ĝµν∇̂µϕ∇̂νϕ+ η2e2ϕ(λ−ω)F̂ 2} ,
(4.44)
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where
ĝµν = Ω
2gµν = e
−2ωϕgµν = [h(r)]
ω
λ
(1−γ) gµν , (4.45)
and h(r) = f−, for the AF black hole (2.23), and h(r) = r/r0 for the NAF
black hole (2.27). The action (4.44), which is in the Strings frame, can be
classified into the three following types:
1. Type I Strings
As we need the usual Strings models5, making use of the dilaton case
in which ω = η1,2 = 1, λ =
1
2 , the action (2.1) reads:
SI =
∫
d4x
√
−ĝ
{
e−2ϕ
[
R̂+ 4ĝµν∇̂µϕ∇̂νϕ
]
− e−ϕF̂ 2
}
, (4.46)
which is just the type I Strings action in 4 dimensions.
2. Type IIA Strings
For the dilaton case, we chose the parameters ω = η1,2 = 1, λ = 0,
and the action (2.1) becomes:
SIIA =
∫
d4x
√
−ĝ
{
e−2ϕ
[
R̂+ 4ĝµν∇̂µϕ∇̂νϕ
]
− F̂ 2
}
. (4.47)
This is known as the type IIA Strings action in 4 dimensions.
3. Heterotic Strings
For the dilaton case, we chose the parameters ±ω = η1,2 = ∓λ = 1,
and the action (2.1) behaves as:
SH =
∫
d4x
√
−ĝ e−2ϕ
{
R̂+ 4ĝµν∇̂µϕ∇̂νϕ− F̂ 2
}
, (4.48)
which is just the Heterotic String action in 4 dimension.
Now we will get the line elements (2.23) and (2.27) in Strings frame, using
the conformal transformation (4.45). The line element (2.23), transformed
conformally by (4.45), with h(r) = f−, becomes
dŜ2AF = f+f
ω
λ
+γ(1−ω
λ
)
− dt
2 − f−1+ f
ω
λ
−γ(1+ω
λ
)
− dr
2 − r2f (1−γ)(1+
ω
λ
)
− dΩ
2 . (4.49)
5We could formulate the Strings models with phantom contribution [27].
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The parameters r+ and r− are related with the physical mass and charge
by:
M̂AF =
1
2
{
r+ + r−
[ω
λ
+ γ
(
1− ω
λ
)]}
, (4.50)
q̂AF =
√
1 + γ
2
√
η2r+r− . (4.51)
The line element (2.27), conformally transformed by (4.45), becomes
dŜ2NAF =
(r − r+)r
ω
λ
+γ(1−ω
λ
)
r
(1+ω
λ
)+γ(1−ω
λ
)
0
dt2 − r
ω
λ
−γ(1+ω
λ
)r
(1−ω
λ
)+γ(1+ω
λ
)
0
(r − r+) dr
2
− r
(1−γ)(1+ω
λ
)
r
[(1−γ)(1+ω
λ
)−2]
0
dΩ2 . (4.52)
The parameters r+ and r0 are related with the physical parameters mass
6
and charge by:
M̂NAF =
(
1− γ
4
)
r+ , (4.53)
q̂NAF = r0
√
(1 + γ)
2
. (4.54)
Now we can calculate the surface gravity of the AF (4.49) and NAF
(4.52) black holes. The surface gravity (3.31) of the conformal black hole
(4.49) is given by:
κ̂AF =
[
ĝ′00
2
√
−ĝ00ĝ11
]
r = rH
κ̂AF = κAF +
[
Ω′
Ω
√
−g00
g11
]
r=rH
. (4.55)
Then, the simple calculation of the second term on the right side of
(4.55), determines the surface gravity of the conformal black hole (4.49).
Using (2.23) and (4.45), we have:[
Ω′
Ω
√
−g00
g11
]
r=rH
= 0, (4.56)
6The quasilocal mass.
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thus, from (3.33), (4.55) and (4.56), the Hawking temperature of the con-
formal black hole (4.49) reads:
T̂AF =
κ̂AF
2π
= TAF =
(r+ − r−)γ
4πr1+γ+
. (4.57)
We initially calculated the Hawking temperature for the black hole (2.23),
which is found in Einstein frame, resulting into (3.34). Now, we calculated
the Hawking temperature for the black hole (4.49), which is in the Strings
frame, resulting into (4.57). This shows us a very useful property, that is the
conformal invariance of the Hawking temperature of black holes generated
by (2.23) and (4.49).
Now, we calculate the surface gravity (3.31) for the black hole (4.52),
and get:
κ̂NAF = κNAF =
rγ+
2r1+γ0
, (4.58)
and the Hawking temperature (3.32), in this case, becomes
T̂NAF = TNAF =
rγ+
4πr1+γ0
. (4.59)
Thus, we obtain the conformal invariance of the Hawking temperature
of the black holes (2.27) and (4.52). The first law of the thermodynamics is
not satisfied here because the entropy of the conformal case is not conformal
invariant, despite to the existence of methods that make it invariant [20].
5 The semiclassical computation of the Hawking tempera-
ture
In this section, we will calculate the value of the Hawking temperature,
for the black holes (2.27) and (4.52), in the particular case λ = η1 = +1
(γ = 0), through of the methods of Bogoliubov coefficients, the metric eu-
clideanization, the reflection coefficient and gravitational anomaly.
5.1 Hawking temperature from the Bogoliubov coefficients
The calculation of Hawking temperature using the Bogoliubov coeffi-
cients will be realised following the references [7, 8]. The unique case for
which we will analyse the value of the Hawking temperature of the various
methods is the ANF black hole (2.27), for γ = 0 (λ = η1 = η2 = +1). But
11
as the line element (2.27) is a particular case, for ω = 0 in (4.52), we will
make all calculations with the line element (4.52), for γ = 0.
First, we will make the glue of the metric by the collapse of a spherical
fine shell, analysing only the second collage. The modes in (v), arising from
the infinite past I−, of a quantized scalar field, enter in the spherical shell
and pass through a flat region 7 of space-time, and then leave as out modes
(u(v)), escaping to the future infinite I+.
By doing so the second collage of the metric, of the asymptotically flat
regions with the non-asymptotically flat ones, we obtain
dS2Minkowski = dŜ
2
ANP
dT 2 − dR2 −R2dΩ2 = R
ω(R− r+)
r1+ω0
dt2 − r
1−ω
0 R
ω
(R − r+)dR
2 − r1−ω0 R1+ωdΩ2 .
For a spacetime without rotation, dΩ/dT = 0, and the radial coordinate
approximated near the horizon, R ∼= r+ + c(T0 − T ), one gets
t = ±r0 ln(T0 − T ) . (5.60)
The coordinate r∗ =
√−ĝ11/ĝ00 = r0 ln(T0 − T ), yields the retarded
temporal coordinate u(T ) = t− r∗ = −2r0 ln(T0 − T ), for the choice of the
sign minus in (5.60). As in the interior of the shell U = V = v+ c0 = T −R,
then T (v) = (v + c1)/(1 + c), with c1 = c0 + cT0 + r+. Finally we get
u(v) = −2r0 ln
(
v0 − v
1 + c
)
, (5.61)
where v0 = T0 − c0 − r+. As we can write u(v) = −κ̂−1 ln
(
v0−v
1+c
)
, we rec-
ognize that the surface gravity of the black hole is κ̂ = (1/2r0). Continuing
the calculation as in [7], we will get the Hawking temperature given by
T̂H =
κ̂
2π
=
1
4πr0
. (5.62)
As this result is independent on the parameter ω of the conformal factor,
we have that for ω = 0, the line element becomes (2.27), for γ = 0, and
Hawking temperature is exactly the same as (5.62). We then show the
conformal invariance of the Hawking temperature which in this particular
case is calculated semi-classically.
7We will obtain the same result if we consider the vacuum of the EMD theory of the
black hole (2.27).
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The main reason for the conformal invariance of the temperature in the
calculation presented here is that the collage of the metric gives us a time
t(T ) which is independent on the conformal factor, because it is eliminated
in the near horizon limit. Also, the tortuous coordinate r∗ =
√
−ĝ11/ĝ00 =√−g11/g00, is clearly invariant, thus providing a retarded temporal coordi-
nate u(v), which is independent from the conformal factor. This result is
not clear from the beginning of the evaluation of the temperature through
this method.
5.2 Calculating the Hawking temperature through metric
euclidianization
The calculation of the Hawking temperature via the metric euclidian-
ization method [19], basically consists of making an analytical continuation
of the metric, transforming the temporal coordinate into a pure imaginary
one, belonging to the set of complex numbers. So, the space-time without
the angular extent, represents the geometry of a conical surface, with the
famous singularity at the nipple. To avoid this singularity, it is necessary
to impose the new coordinate related to the time transformation to be pe-
riodic, thus resulting into a constraint between the surface gravity and the
Hawking temperature.
Making the analytical continuation of the metric (4.52), for the case
λ = η1 = η2 = +1, by the transformation dt = idτ/α, we get
dS2ANP (E) = −
[
rω(r − r+)
r1+ω0
dτ2
α2
+
r1−ω0 r
ω
(r − r+)dr
2
]
, (5.63)
= −Ω(ρ) [ρ2dτ2 + dρ2] , (5.64)
ignoring the angular part of the metric. Comparing the first term of both
the line elements, we have Ω = rω(r − r+)/α2r1+ω0 ρ2. Doing the same
thing for the second term of the line elements, we have ρ = e±αr
∗
, with
r∗ =
√
−ĝ11/ĝ00 = r0 ln(r − r+). Remembering that we can describe r∗ in
terms of the surface gravity of the black hole as r∗ = (1/2κ̂) ln(r − r+) in
this case, we have κ̂ = (1/2r0), and to avoid the canonical singularity, the
conformal factor must be finite at the event horizon. Choosing the sign plus
for ρ, we obtain
Ω(r) =
rω(r − r+)
α2r1+ω0 (r − r+)(α/κ̂)
. (5.65)
The canonical singularity is avoided only if α = κ̂ = (1/2r0). The
Hawking temperature, calculated by the metric euclidianization method is
13
given by
TH =
α
2π
=
1
4πr0
. (5.66)
One again, the main feature of the conformal invariance of Hawking tem-
perature, by the metric euclidianization method is given by the conformal
invariance of the tortuous coordinate r∗, since the conformal factor always
depends on the inverse of the new radial coordinate ρ by the expression
Ω = ĝ00/α
2ρ2. This tells us that when the conformal factor (4.45) does not
depend on powers of (r − r+), the new conformal factor in (5.64) is finite
when α = κ̂ = κ.
5.3 Hawking temperature through the reflection coefficient
In this subsection, we will obtain the temperature of the ANF black hole
(4.52), for the case λ = η1 = η2 = +1, by the reflection coefficient method
of the quantum field modes [23]. This method can be used more effectively
when we can solve exactly the Klein-Gordon equation for the scalar field.
After, it is taken the infinite space and the near event horizon limits, in
the Klein-Gordon equation, obtaining approximate solutions. Comparing
the constants of the exact and approximate solutions in these limits, one
can calculate the transmission and reflection coefficients, through the field
flow. Thus, one can calculate the Hawking temperature in the limit of high
frequencies, by the reflection coefficient.
The Klein-Gordon equation for a non massive quantum scalar field is
given by
ϕ = 0 . (5.67)
Considering the dependence of the field as
ϕ(t, r, θ, φ) = Y (θ, φ)R(r) e−iω1t , (5.68)
the equation (5.67), for the metric (4.52), becomes
r(r − r+)∂2rR+
{
(r − r+)
[
1 +
ω
λ
(1− γ)
]
+ r
}
∂rR
+
[
ω¯2r1−2γ
(r − r+) − l(l + 1)
]
R = 0 . (5.69)
where ω¯ = r0ω1. Making the change of coordinates y = (r+ − r)/r+ and
R = yiω¯f(y), for the case γ = 0, we get:
y(1− y)f ′′ + [1 + 2iω¯ − (2iω¯ + 1 + a)y]f ′ + [l(l + 1) + iω¯a]f = 0 (5.70)
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with a = 1 + ω. The general solution is
R(r) =C1
(
r+ − r
r+
)iω¯
F
(
d+; e+; c+;
r+ − r
r+
)
+C2
(
r+ − r
r+
)−iω¯
×
× F
(
d−; e−; c−;
r+ − r
r+
)
, (5.71)
where d± = ±iω¯ + a/2 − iα , e± = ±iω¯ + a/2 + iα , c± = 1 ± 2iω¯ , α =√
ω¯2 + l(l + 1)− (a/2)2, C1, C2 ∈ C and the function F (d+; e+; c+; y) is
the hypergeometric function.
We will now study the asymptotic limits of the solution, with the aim
of determining the integration constants and the transmission and reflection
coefficients. Defining the flow of the scalar field as
Fµ = 2π
i
√−ggµν [R∗(r)∂νR(r)−R∗(r)∂νR(r)] , (5.72)
and the transmission and reflection coefficients as
T =
∣∣∣∣∣ F
(IN)r
NEAR(r ≈ r+)
F (IN)rFAR (r ≈ +∞)
∣∣∣∣∣ , R =
∣∣∣∣∣F
(OUT )r
FAR (r ≈ +∞)
F (IN)rFAR (r ≈ +∞)
∣∣∣∣∣ , (5.73)
we make the asymptotic analysis, using the properties of the hypergeomet-
ric function, and comparing the two asymptotic solutions with the exact
solution limits, we get
T = 2 sinh(2πα) sinh(2πω¯)
cosh[2π(ω¯ + α)]− cos(aπ) , (5.74)
R = cosh[2π(ω¯ − α)]− cos(aπ)
cosh[2π(ω¯ + α)]− cos(aπ) . (5.75)
The normalization condition T +R = 1 is satisfied. Now we calculate
the Hawking temperature through the expressions T̂ = −(ω1/ lnR) and
T̂H = limω1>>1 T̂ . Remembering that ω¯ = r0ω1, we obtain
T̂ =
ω1
ln
{
cosh[2pi(r0ω1+α)]−cos(api)
cosh[2pi(r0ω1−α)]−cos(api)
} , (5.76)
T̂H ≈ ω1
4πr0ω1 + ln[1− cos(1 + ω)π] ≈
1
4πr0
, (5.77)
which agrees with the temperature previously obtained in the Einstein frame
[22].
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By this method of obtaining the Hawking temperature, we see clearly,
by (5.77), that the value of the temperature for this particular case, is a con-
formal invariant. The main reason in this case, of the conformal invariance,
is not clear as in the previous methods. But we can say that the limit of
high frequencies ω1, of the modes of the quantum scalar field, just ignores
the contribution caused by the conformal factor.
5.4 Hawking temperature from gravitational anomaly
A new method for obtaining the Hawking temperature is formulated by
Robinson and Wilczek [10]. Such methods based on the calculation of the
gravitational anomaly (and gauge anomaly for charged black holes) of the
energy-momentum tensor, which depends on its flow, because of the modes
emerging from the chiral field of quantum theory [12]. As this anomaly
appears only near the event horizon of the black hole, one has to evaluate it in
two regions: r++δ < r, away from the horizon, and the region r+ ≤ r ≤ r++
δ near the horizon. The cancellation of gauge and gravitational anomalies
depends on the term proportional to the square of the Hawking temperature.
Thus, it is possible to cancel anomalies and to obtain Hawking temperature
value at the same time. The formulation of the anomaly cancellation for the
action of the EMD theory is done extensively in [15].
The quantum vacuum used for the expected value of the energy-momen-
tum tensor is that of Unruh [11, 13]. In the region r+ + δ < r, the four-
momentum conservation 8 and that of the four-current obey the classical
equations of conservation
∇µT µν = FµνJµ , ∇µJµ = 0 . (5.78)
In the region near the horizon r+ ≤ r ≤ r+ + δ, there is gravitational
and gauge anomalies. Thus, the classical equations become anomalous and
obey the two-dimensional covariant expressions [13, 14]
∇µJ˜µ = q
2
2π
√
−ĝ ∂rAt(r) , (5.79)
∇µT˜ µν = Fµν J˜µ +
1
96π
√
−ĝ ǫνµ∂
µR , (5.80)
8Even the classical energy-momentum tensor is not conserved in the presence of a
four-current.
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where R is the curvature scalar and ǫ10 = +1. Integrating the equations
(5.78)-(5.80) and combining the results, one gets√
−ĝJ˜r(r) = aH + q
2
2π
A2t (r)−
q2
4π
A2t (r+) , (5.81)
√
−ĝ T˜ rt (r) = bH +
q2
4π
[
A2t (r)−A2t (r+)
]− q2
2π
At(r+) [At(r)−At(r+)]
+
1
192π
{
2
(−ĝ −111 ) ∂2r (ĝ00) + ∂r (ĝ00) ∂r (−ĝ −111 )
− 2 (−ĝ00ĝ11)−1 [∂r (ĝ00)]2
}
+
1
192π
{(−ĝ −111 ) ∂2r (ĝ00)
+ ∂r (ĝ00) ∂r
(−ĝ −111 )
}
r=r+
, (5.82)
where aH and bH are integration constants.
Using the property that the components of the current and that of the co-
variant energy-momentum tensor cancel out on the horizon, ie, the anomaly
is cancelled in a gauge transformation for the current and a coordinate
transformation for the energy-momentum tensor, we obtain the constants
aH = −(q2/4π)A2t (r+) and bH = (1/96π)
[
∂r (ĝ00) ∂r
(−ĝ −111 )]r=r+ . Substi-
tuting these constants into (5.81) and (5.82), and making the asymptotic
limit at the infinite space, we get√
−ĝJ˜r(r →∞) = − q
2
2π
A2t (r+) , (5.83)√
−ĝ T˜ rt (r →∞) =
q2
4π
A2t (r+) +
π
12
T̂ 2H , (5.84)
where the Hawking temperature is given by
T̂H =
1
4π
√[
∂r (ĝ00) ∂r
(−ĝ −111 )]r=r+ . (5.85)
In the case of ANF black hole (4.52), for λ = η1,2 = +1, with the aid of
(2.28), the expressions (5.83) and (5.84) become√
−ĝJ˜r(r →∞) = − q
2
2
√
2π
r+
r0
, (5.86)
√
−ĝ T˜ rt (r →∞) =
1
8π
(
qr+
r0
)2
+
π
12
(
1
4πr0
)2
. (5.87)
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Therefore, the Hawking temperature calculated by the gravitational a-
nomaly method, for the case of the conformal black hole in (4.52) with
γ = 0, is given by T̂H = (1/4πr0). As this result does not depend on the
parameter ω of the conformal factor, the temperature calculation for the case
of Einstein frame (2.27), presents the same value as in the conformal case. In
the case of the Einstein frame, we have g00 = −g−111 , and so, the expression
obtained by the gravitational anomaly is equal to (3.31). The expression
(5.85) gives us again an invariant conformal value, taking into account that
the conformal factor Ω(r+) is finite, g00(r+) = 0 and ∂r(−g00g−111 ) = 0 for
g00 = −g−111 . It seems that the main feature of conformal invariance of the
Hawking temperature, calculated by this method, is the invariance of the
second term of the flow of energy-momentum tensor (5.84), coming from the
cancellation of the covariant gravitational anomaly. This fact seems to be
related to the invariance of the flow as the energy-momentum tensor in the
Hawking effect, as shown in [1].
6 Conclusion
We calculted geometrically the Hawking temperature by the surface
gravity method in the sections 3 and 4. The section 3 is devoted to the
two classes of black hole solutions (2.23) and (2.27), in the Eisntein frame,
while in the section 4, (4.49) and (4.52) black hole solutions are treated in
the Strings frame. The result is not surprising because Jacobson and Kang
had already demonstrated that the Hawking temperature, calculated by the
surface gravity method, is a conformal invariant, despite that one of the
solutions is NAF outside the scope of the theorem in [1]. However, some
structures from the EMD theory do not perform the conformal invariance,
as shown in [2, 17].
Through the more usual semi-classical methods for obtaining Hawking
temperature, we get the proof of the conformal invariance of the tempera-
ture, in the subsections 5.1-5.4. The result for a particular case of the con-
formal black hole in (4.52), for γ = 0, is that the temperature is a conformal
invariant for all the methods. In the case of the Bogoliubov coefficients, the
main feature of the conformal invariance, is given by the conformal invari-
ance of the tortuous coordinate r∗ and the near horizon limit, providing an
invariant coordinate t(T ). For the metric euclidianization, the invariance of
the tortuous coordinate r∗ is what characterizes the property of invariance
of the temperature. In the case of the reflection coefficient, we found clearly
a feature, but it seems that the limit of high frequencies ω1, of the quantized
field, eliminates the dependence of the parameter ω of the conformal factor.
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Finally, the invariance obtained by the gravitational anomaly method ap-
pears to be linked to the invariance of the flow of energy-momentum tensor
of the Hawking effect, as shown in [1].
We also have the so-called Hawking radiation by quantum tunneling
approach [26, 25], which until now appeared to be an equivalent method to
that of anomaly. In this approach, it seems that the conformal invariance
result is maintained due to the similarity of obtaining the Hawking radiation
with the anomaly method, being the temperature calculated essentially with
the same expression (5.85).
A work of Martinetti [28] analyzes the Unruh temperature through a
conformal transformation. The result is that the Unruh temperature is not
a conformal invariant. The Unruh temperature, or the Unruh effect, was
used as an analogy to the Hawking temperature, or the Hawking effect [21].
But as we saw, the Hawking temperature, in a specific case, is a conformal
invariant, which is not the case of the Unruh temperature under the same
conditions. This is due to the fact that the structure of a Rindler spacetime,
regions R and L or R and L cones, is conformally transformed in another
structure called double-cone. In these conditions, the analogy between the
two quantum effects becomes incompatible.
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